It is well known that the perturbation equations of massless fields for the Kerr-de Sitter geometry can be written in the form of separable equations. The equations have five definite singularities so that the analysis has been expected to be difficult. We show that these equations can be transformed to Heun's equations, for which we are able to use known technique for the analysis of the solutions. We reproduce results known previously for the Kerr geometry and de Sitter geometry in the confluent limits of the Heun's functions. Our analysis applies can be extended to Kerr-Newman-de Sitter geometry for massless fields with spin 0 and 
Introduction
One of the most non-trivial aspects of the perturbation equations for Kerr geometry is the separability of the radial and the angular parts. It was Carter [1] who first found that the scalar wave function is separable in the Kerr-Newman-de Sitter geometries. Later, this observation has been extended for spin 1/2, electromagnetic fields, gravitational perturbations and gravitino for the Kerr geometries and even for the Kerr-de Sitter class of geometries. The equations are called Teukolsky equations [2] . Except for the electromagnetic and gravitational perturbations, the separability persists even for the Kerr-Newman-de Sitter solutions. An important application of this fact was the proof of the stability of the Kerr black hole [3] .
Though the Teukolsky equation for Kerr geometries is separable, both angular and radial equations has two regular and one irregular singularities so that the solutions cannot be written by a single form of any special functions, but they are expressed as series of special functions whose coefficients satisfy the three term recurrence relations [4] [5] [6] [7] . The solution of the angular equation is expressed in the form of series of Jacobi functions [4] .
The solution of the radial equation is rather complicated because we need the solution which is valid in the entire region extending from the outer horizon to infinity. The solution is written in the form of series of confluent hypergeometric functions [5] which is convergent around infinity and the hypergeometric functions [6] [7] which is convergent around the outer horizon. By matching these solutions in the region where both solutions are convergent, we can obtain the solution which is valid from the outer horizon to infinity [6] [7] [8] . The great benifit of this kind of solutions is that the coefficients of the series are obtained as the Post Minkowskian expansion [6] [7] . This technique has been successfully applied for the Post Newtonian expansion of gravitational waves from a particle in circular orbits around a rotating black hole [9] [10] .
Strictly speaking, the technique of constructing solutions as series of special functions is not new, but extremely old. The similar expansion has been considered in the case of Heun's equation [11] [12] . It may not be difficult to see the correspondense between It is known that the separability holds true for the Kerr-de Sitter geometries and even for the Kerr-Newman-de Sitter geometries except for electormagnetic and gravitational fields. Therefore, it may be meaningful to consider whether the Teukolsky equations for these geometries can be transformed into the Heun's equations, although these Teukolsky equations have five regular singularities. A usuful suggestion for this problem can be seen in the radial part of Teukolsky equation for the de Sitter geometries [13] . We showed that although this equation has four regular singularities, the one of the singularities can be eliminated by a suitable change of variables and by the redefinition of the radial function, so that the solutions of the equation are given by the hypergeometric function. From this experience, we expect that the similar non-trivial transformations may exist even for the Kerr(-Newman)-de Sitter geometries.
Our main aim of this short letter is to show that the Teukolsky equations for KerrNewman-de Sitter geometries can be transformed into the Heun's equations. Here, we stress again that our discussions for the Kerr-de Sitter geometries appliy to massless particles, but those for the Kerr-Newman-de Sitter geometries do apply to massless particles except for electromagnetic and gravitational fields. Then, we can use very old technique [12] for the analysis of the solutions. The previous solutions for the Kerr geometries [6] [7] and de Sitter geometries [13] can be obtained by confluent limits of the Heun's functions.
In section 2, we provide a short review of the Teukolsky equations for the KerrNewman-de Sitter geometires. In section 3, we show that both angular and radial equa- 
where
Here Λ is the cosmological constant, M is the mass of the black hole, aM its angular momentum and Q its charge. The electromagnetic field due to the charge of the black hole is given by
In particular we adopt the following vectors as the null tetrad,
Assuming that the time and azimuthal dependence of the fields has the form e −i(ωt−mϕ) , the tetrad components of the derivative and the electromagnetic field are
Using the Newman-Penrose formalism it is known that perturbation equations in the Kerr-de Sitter geometry are separable for massless spin 0, fields are also separable. The separated equations for fields with spin s and charge e are given by
Transformation of Teukolsky equation to Heun's equation
In this section we show that the Teukolsky equations (2.7) and (2.8) can be transformed to the Heun's equations by factoring out a single regular singularity.
Angular Teukolsky equation
From eq.(2.7), the angular Teukolsky equation become
where x = cos θ and ξ = aω. This equation has five regular singularities at ±1, ± i √ α and ∞. We also note that the angular equation has no dependence on M and Q. By choosing
It turns out that the singularity at z = z ∞ which corresponds to x = ∞ can be factored out by the transformation,
where is determined by requiring non-singular behaviors at z = 0 and 1. We can take either one of signs of A 3 to find the solution S(z).
Radial Teukolsky equation
From eq.(2.8), the radial Teukolsky equation is explicitly written by
This equation has five regular singularities at r ± , r ′ ± and ∞ which are assigned such that
. By using the new variable
eq (3.7) becomes an equation which has regular singularities at 0, 1, z r , z ∞ and ∞,
Again we can factor out the singularity at z = z ∞ by the transformation as
Then, g(z) satisfies the Heun's equation as
Here D is the discriminant of ∆ r = 0,
The sign ambiguity in B 2 or B 3 are related to the boundary condition at the horizon or at the de Sitter horizon, respectively. We can take either one of signs of B 1 .
Solution of Teukolsky equation
In the former section, we have shown that both the angular and radial Teukolsky equations can be transformed into Heun's equations by factoring out the singularity at z ∞ . Thus, both equations can be solved in a similar way by taking into account the boundary conditions. First we briefly explain the formal prescription solving the Heun's equation by a series expansion of the hypergeometric functions and then consider each case including the boundary conditions.
Solution of Heun's equation
The standard form of the Heun's equation with regular singularities at 0, 1, a H and ∞ is given by [12] 
where parameters should satisfy the condition, α+β+1 = γ+δ+ǫ and we assume |a H | > 1.
Solutions which are analytic in some domain including two singularities are called Heun's functions. We particularly explain a formal construction of a Heun's function relative to the points 0, 1 by means of a series of hypergeometric functions.
We first construct a solution valid in the neighborhood of 0. The solution is analytic in the interior of the ellipse with foci at 0, 1 if the condition for augmented convergence presented bellow is satisfied. To the end we write y ν (z) in the following form,
where ω = γ + δ − 1 = α + β − ǫ. ω is usually used for the definition of Heun's equation and should not be confused with the frequency which we use in this paper frequently.
By using the following recurrence relations [12] ,
it is shown that y ν (z) becomes a solution if coefficients c n 's satisfy the following three term recurrence relations, where α ν n = − (ν + n + 1)(ν + n + ω − α + 1)(ν + n + ω − β + 1)(ν + n + δ) (2ν + 2n + ω + 2)(2ν + 2n + ω + 1) , (4.7)
and
By defining the continued fractions
, (4.11) they satisfy
Now we can evaluate the coefficients c ν n by using either series R n (ν) or L n (ν) with appropriate initial data. The convergence of the series requires a following transcendental equation, 
Solution of the angular equation
By comparing Heun's equation (4.1) with eq.(3.4), parameters to define Heun's equation, α, β, γ, δ, ǫ, ω, q and a H are given by
We require that f (z) is a regular function at z = 0, 1, which is satisfied by taking ν = 0.
Then the solution is given in the form of the series of the Jacobi polynomials extending from n = 0 to ∞, similarly to the Kerr geometry case,
The coefficients a n 's are determined by solving the equation for L n (ν) in eq. 
and l is the angular momentum which takes an integer or half integer number satisfying l ≥ max(|m|, |s|). From the result it seems that λ − s(1 − α) is an even function of s.
Indeed this holds true because eq.(4.13) which determines λ contains α n , β n and γ n in the forms of α n−1 γ n and β n + In the rest of this section, we consider two limits, the Kerr-Newman limit and the Reissner-Nordström-de Sitter limit. It may be worthwhile to note that the angular Teukol-sky equation (3.1) does not contain mass and charge parameters of the black hole so that the above limits are only meaningful ones.
The Kerr-Newman limit: Λ = (3/a 2 )α → 0
In the limit, parameters behave as
then parameters in the recurrence relation (4.7) −(4.9) become by omitting the superscript ν as
Thus, the recurrence relations for a n 's are obtained from those for c n 's in eq. The angular wave function S(z) is given by using f (z) as
The Reissner-Nordström-de Sitter limit: a → 0
In this limit, we have to take α → 0 simultaneously, in order to keep Λ = 3α/a 2 fixed.
Then, parameters become the following forms; 
In order that coefficients a n have definite limits, β ν n must be 0 for a specific value of n. The eigenvalue λ is determined by this condition as
where l = n + A 1 + A 2 ≥ max(|m|, |s|). Therefore the angular wave function has the following form,
In this limit, the Heun's equation (3.4) reduces to a hypergeometric equation. These results coincide with that of [14] .
In the former subsection, we comment that if ν is a solution of eq.(4.13), then −ν − ω is a solution. For the angular solution, we chose ν = 0 and we know that ω=integer so that this transformation of the exponent does not lead any new solution.
Solution of the radial equation
By comparing eq.(4.1) with eq.(3.9), we find parameters in Heun's equation, α, β, γ, δ, ǫ, q and a H is given by
The solution convergent in the ellipse with foci at z = 0, 1 which correspond to r = r − , r + respectively is given by The parameter ω in the above expressions is used for the frequency. The singularity at
Conclusions and discussions
In this note, we have shown that equations for perturbations of the Kerr-de Sitter black hole for massless particles with any spins are reduced to the Heun's equation and thus we can obtain solutions in the form of series of hypergeometric functions. This method has been extended to the cases of Kerr-Newman-de Sitter geometries except for photons and gravitons for which the technique to separate angular and radial parts are not succeeded so far. We have explicitly constructed solutions for angular and radial equations and examined some limiting cases. We have shown that these limits reproduce the former known results.
The radial solutions we obtained in the text are valid inside a ellipse with foci at z = 0, 1 and are not valid at de Sitter horizon. In order to apply for some physical situations, we have to construct solutions which are valid in the entire regions of r and satisfy some specific boundary condition. For this, we should obtain solutions valid around the de Sitter horizon and match solutions with different convergence regions in the region where both solutions are convergent. This procedure was made for the Kerr black hole case in Ref. 6, 7 . Also, it may be interesting to see the Teukolsky-Starobinsky identities analytically. We will answer these questions in the future publication.
